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Importance of Parameter Topology

Lottery ticket hypothesis [1] \

* Networks contain a sparse, functional
subgraph.

Weight agnostic neural networks [2]

* Parameter topologies can be constructed to
be robust to randomly-assigned weights.

Topological priors matter

e Random networks 3] to the performance of neural

* Random architectures solve computer vision networks.

tasks better than human-designed
architectures.

Neural architecture search [4]
« Path information is beneficial when searching

for optimal architectures. /
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Feedforward Networks as DAGs

* Feedforward neural networks are parameterized by a set of
weight matrices {W;}.;.

* [gnoring nonlinearities, for a (linear) network f with L =3 :

f(X) — W3W2W1X

W, W W3

* Convolutional and pooling layers may be represented similarly.



Path Homology

Let G = (X, E)be a digraph. For each p € Z_ define (zo, ..., Zp) to
be an allowed p-path on X if (x;,xz;41) € E for each0<i<p—1,

Denote the free vector space on the collection of allowed p-paths
by A, = A,(G) = Ap(X, E,K) where A_; =K and A, = {0} for p < 2.

(@ AO(G) {CL, b, C}]
A1 (G) = K[{ab, bc, ca}]
/ \ Ao (G) = K[{abe, bea, cab}]
@ - © Ao (G) = K[{abca, bcab, cabc}
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Path Homology

The space of 0-invariant p-paths on G is defined to be the
following subspace of A,(G):

Qp = Qp(G) = (X, E,K) ={ce Ay | Op(c) € Ap—1}
which defines a chain complex ... Os, Qs Oz, 04 O, Qo 9o, K a;1> 0
From this, the p-dimensional (reduced) path homology group of
G = (X, E) is defined as:

H>(G) = HJ(X,E,K) = ker(9p)/im(8p+1)

p



Canonical Example

@ —® @ ®
(1 -1

0o (G) =K[{a,b,c,d}]
1 (G) = K[{ab, cb, cd, ad}]
Q2 (G) = {0}

Note that 0% (ab—cb+cd—ad) =b—a—b+c+d—c—d+a=0 so
ker(0%) # {0} = im(05) implying that dim(HZ(G)) = 1.



Main Result

Let K

., denote the DAG corresponding to the architecture of a

.....

feedforward network with L layers with widths {ni,n2,...,nr}.

.....

n

. has nontrivial reduced path homology precisely in degree

p

dim (HZ(K,> . )) =671 H(n —1)



Applications - Weight Thresholding

Betti number distributions for 10 realizations
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Applications - Lottery Ticket Topology

The Lottery Ticket Hypothesis: Given a neural network with
sufficient parameterization for a given task, there exists with high
probability a subnetwork that, when trained starting with its
original parameter initialization, achieves task performance
reaching or exceeding that of the original network.
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Applications - Lottery Ticket Topology

* Train a fully-connected ReLU network on MNIST
and FashionMNIST.

e Network size (784 x 300) — (300 x 100) — (100 x 10)

* Construct 50 lottery ticket networks for each dataset.

 Compute 1-dimensional path homology of each layer
individually.

* Compare to network with same number of edges
uniformly sampled from parent network.
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Frequency

Applications - Lottery Ticket Topology
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Accuracy = ag + 041|(H1E(L1_>)| T 042|(H1E(L2_>)| + 043|(H15(L3_>)|
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[(HT(L7)] [(H(L™)]
coef stderr t P>ltf [0.025 0.975] coef stderr t P>jt| [0.025 0.975]
Intercept 83.6597 8.034 10.413 0.000 67.488 99.831 Intercept 81.9135 9.537 8.589 0.000 62.653 101.174
HF(LT) 00009 0001 1.190 0240 -0.001 0.002 HE(LT) 00003 0001 0338 0737 -0.001  0.002
HIE(L;) 0.0051 0.002 2.402 0.020 0.001 0.009 H‘IE(LE’) 0.0030 0.001 2.459 0.018 0.001 0.006

HF(L3) 00168 0071 0238 0813 -0.126 0.159 HE(LY) 00138 0056 0245 0.808 -0.100  0.128
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